communications with the equatorial regions of the Earth from any point on the lunar far-side. We therefore develop an asymptotic analysis for large (a 0 = 1.7 mm/s 2 ) and small (a 0 = 0.58 mm/s 2 ) accelerations. This analysis is obtained within an approximation of large displaced orbits (a 0 = 1.7 mm/s 2 ) by the Moon-Sail two-body problem. The displaced periodic orbits found approach the asymptotic solutions as the characteristic acceleration becomes large. It is shown for example that, with a suitable sail attitude control program, a 4 × 10 4 km displaced, out-of-plane trajectory far from the L 2 with a sail acceleration of 1.7 mms −2 can be approximated using the two-body analysis. This simple, two-body approximate analysis matches with the large displaced orbit found by Ozimek et al. 17 using numerical collocation methods in a previous study. For small acceleration we use a linear approximation of the Earth-Moon three-body problem which again matches well with Ozimek et al. 17 
II. Moon-Sail Three-Body Problem
The motion of a solar sail moving under the gravitational influences of the Earth and the Moon can be described in terms of the circular restricted three-body problem. In this model, we will assume that m 1 represents the larger primary (Earth), m 2 the smaller primary (Moon) and we will be concerned with the motion of the sail which has a negligible mass (m 1 > m 2 ). It is always assumed that the two more massive bodies (primaries) moving in circular orbits about their common center of mass. If we further restrict the motion of the third body to be in the orbital plane formed by the other two bodies, the problem is the planar circular restricted three-body problem (PCRTBP). In order to develop a mathematical model without loss of generality, it is useful to introduce some parameters that are characteristics of each particular three-body system. This set of parameters is used to normalize the equations of motion. The unit of mass is taken to be the total mass of the system (m 1 + m 2 ) and the unit of length is chosen to be the constant separation between m 1 and m 2 . We further define the time units such that, the orbital period of the primaries about their center of mass is 2π. Under these considerations the masses of the primaries in the normalized system of units are m 1 = 1 − µ and m 2 = µ, where
is the nondimensional gravitational parameter. The geometry for the Earth-Moon restricted three-body system is depicted in Figure 1 . 
II.A. Equations of motion in presence of a solar sail
The equation for the solar sail in a rotating frame of reference is described by
where ω = ωẑ (ẑ is a unit vector pointing in the direction of z) is the angular velocity vector of the rotating frame and r is the position vector of the solar sail relative to the center of mass of the two primaries. The three-body gravitational potential U (r) and the solar radiation pressure acceleration a are defined by
where µ = 0.1215 is the mass ratio for the Earth-Moon system. The sail position vectors with respect to m 1 and m 2 respectively, are defined as r 1 = [x + µ, y, z ] T and r 2 = [x − (1 − µ), y, z] T , and a 0 is the magnitude of the acceleration due to solar radition pressure exerted on the sail. The unit normal to the sail n and the Sun-line direction are given by
where ω ⋆ = 0.923 is the angular rate of the Sun line in the corotating frame in a dimensionless synodic coordinate system. We will not consider the small annual changes in the inclination of the Sun-line with respect to the plane of the system.
II.B. Linearized system
We now investigate the dynamics of the sail in the neighborhood of the libration points. We denote the coordinates of the equilibrium point as r L = (x Li , y Li , z Li ) with i = 1, · · · , 5. Let a small displacement in r L be δr such that r → r L + δr. The equation of motion for the solar sail in the neighborhood of r L are therefore
Then, retaining only the first-order term in δr = [ξ, η, ζ] T in a Taylor-series expansion, where (ξ, η, ζ) are attached to the L 2 point as shown in Figure 1 , the gradient of the potential and the acceleration can be expressed as
It is assumed that ∇U (r L ) = 0, and the sail acceleration is constant with respect to the small displacement δr, so that ∂a(r) ∂r r=r L = 0.
The linear variational system associated with the libration points at r L can be determined through a Taylor polynomial by substituting Eqs. (6) and (7) into (4)
where the matrix K is defined as
Using the matrix notation the linearized equation about the libration point (Equation (8)) can be represented by the inhomogeneous linear systemẊ = AX + b(t), where the state vector X = (δr, δṙ) T , and b(t) is a 6 × 1 vector, which represents the solar sail acceleration.
The Jacobian matrix A has the general form
where I 3 is a identity matrix, and
For convenience the sail attitude is fixed such that the sail normal vector n, points always along the direction of the Sun-line with the following constraint S · n ≥ 0. Its direction is described by the pitch angle γ relative to the Sun-line, which represents the sail attitude. The linearized nondimensional equations of motion relative to a collinear libration point L 2 can then be written as
where
, and U o zz are the partial derivatives of the gravitational potential evaluated at the collinear libration point, and the solar sail acceleration is defined in terms of three auxiliary variables a ξ , a η , and a ζ
We will continue with the solution to the linearized equations of motion in the Earth-Moon restricted three-body problem in a later section.
III. Moon-Sail Two-Body Problem
In this section, we consider the motion of a solar sail moving under the gravitational influence of the Moon only as shown in Figure 2 . Such a problem is defined as the Moon-Sail two-body problem. For a large displacement, such that the sail is far from the L 1 or L 2 point this provides a remarkably good approximation to the problem. The forces acting on the sail can be seen in Figure 3 . 
III.A. Equations of motion
In this model, the Moon is assumed to be fixed, while the solar sail is in a rotating frame of reference. To describe the motion of the sail, we take a reference frame rotating with the Sun-line at angular velocity ω ⋆ , such that the origin is at the center c. We write the two-body equations in a similar form to equation (2) . In the rotating framer =ṙ = 0 and we have the equality
The equations of motion of the solar sail in component form may be written in cylindrical coordinates (ρ, z) as
with cos(θ) = z r , sin(θ) = ρ r , where m 2 is the mass of the Moon, G is the gravitational constant and the distance of the solar sail from the Moon is r = ρ 2 + z 2 so that
Rearranging the equations (22) and (23), we obtain
for a given (ρ,z), whereω
Similary from equations (22) and (23), the required radiation pressure acceleration for the two-body analysis may also be obtained as
We now have conditions for a large displaced periodic orbit centered on the Moon. We will evaluate the usefullness of this model later.
IV. Solution of the linearized equations of motion for the three-body model
In order to evaluate the two and three-body models, we will obtain a displaced periodic orbit from the linearized dynamics defined earlier.
Considering the dynamics of motion near the collinear libration points, we may choose a particular periodic solution in the plane of the form (see Farquhar 24 )
By inserting equations (27) and (28) in the differential equations (12-14), we obtain the linear system in ξ 0 and η 0 ,
Then the amplitudes ξ 0 and η 0 are given by
and we have the equality
The trajectory will therefore be an ellipse centered on a collinear libration point. We can find the required radiation pressure acceleration by solving equation (30) a 0 = cos
By applying the Laplace transform, the uncoupled out-of-plane ζ-motion defined by the equation (14) can be obtained as
where the nondimensional frequency ω ζ is defined as
and U (t) is the unit step function.
A sufficient condition for displaced orbits based on the sail pitch angle γ and the magnitude of the solar radiation pressure a 0 for fixed initial out-of-plane distance ζ 0 can be derived. Specifically for the choice of the initial dataζ 0 = 0, equation (33) can be more conveniently expressed as
The solution can then be made to contain only a constant displacement at an out-of-plane distance
Furthermore, the out-of-plane distance can be maximized by an optimal choice of the sail pitch angle determined by
We now have conditions for a small displaced periodic orbit centered on the collinear libration points. 
V. Comparison of the linear three-body and the approximate two-body solution
In this section, we compare the dynamics near the Earth-Moon L 1 and L 2 points for small accelerations with the linear analysis, and the large hover orbits for large acceleration with the two-body analysis to the orbit found by Ozimek et al.
17 using a full three-body analysis. We demonstrate that for a given orbit radius ρ and displacement distance z, we can find the characteristic acceleration a 0 and the sail pitch angle γ using the two-body analysis.
Let us consider the vector field on the plane given by
For a given (ρ,z) the contours of Figure 4 define the require sail accelaration a 0 from equation (26) while the vector field describes the required sail orientation n. From equations (22) and (23), this vector field defined on the whole plane minus the origin describes the direction of the acceleration vector a = a(ρ, z). This figure indicates for a large characteristic acceleration a 0 = 1.7 mm/s 2 an orbit with radius ρ ≈ 6×10 4 km and displacement distance z ≈ 4 × 10 4 km is possible. The point marked A in Figure 4 represents the optimal displaced orbit. A small orbit at L 2 with characteristic acceleration a 0 = 0.58 mm/s 2 is shown in Figure 5 using the linear analysis.
Near L 1 and L 2 the displacement distance for the linear analysis for a small acceleration a 0 = 0.58 mm/s 2 and the two-body analysis for large acceleration a 0 = 1.7 mm/s 2 give a good approximation to the orbits found by Ozimek et al.
17 using a full three-body analysis (see Table 1 ). 
VI. Conclusion
This paper has demonstrated the approximation of large displaced orbits in the Earth-Moon circular restricted three-body problem by the Moon-Sail two-body problem. In addition, based on the linearized equation of motion near the collinear Lagrange points, displaced periodic orbits can be approximated by using linear analytical analysis, while far from those points the classical two-body problem gives a good approximation. A sufficient condition for displaced periodic orbits based on the sail pitch angle and the magnitude of the solar radiation pressure for fixed initial out-of-plane distance has been derived. It was shown that for a given orbit radius and displacement distance, we can find the characteristic acceleration and the sail pitch angle using the two-body analysis. The orbits found approach the asymptotic solutions as the characteristic acceleration becomes large. A particular use of such orbits include continous communications between the equatorial regions of the Earth and the lunar poles.
